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Abstract 

Perturbations of B-type defects in Landau-Ginzburg models are considered. In 
particular, the effect of perturbations of defects on their fusion is analyzed in the 
framework of matrix factorizations. As an application, it is discussed how fusion 
with perturbed defects induces perturbations on boundary conditions. It is shown 
that in some classes of models all boundary perturbations can be obtained in this 
way. Moreover, a universal class of perturbed defects is constructed, whose fusion 
under certain conditions obey braid relations. The functors obtained by fusing these 
defects with boundary conditions are twist functors as introduced in the work of 
Seidel and Thomas. 
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1 Introduction 



A defect in a two-dimensional field theory is a line of inhomogeneity on the surface on 
which the theory is defined. In general defect lines carry extra degrees of freedom not 
inherited from the bulk, which determine how excitations are transmitted between the 
theories on either si d^. 

The theory of defects is closely related to the theory of boundary conditions. Consider 
for example two conformal field theories on the complex plane separated by a defect 
located along the real line. Folding the plane along this line results in a surface with 
boundary for a "doubled theory" , which is given by the theory on the upper half plane 
tensored by the conjugate of the theory on the lower half plane [H [2]. 

However, compared to boundary conditions, defects have more structure: They can 
form junctions, and they can be composed by fusion. Fusion is the process in which two 
parallel defects are brought infinitely close together [3l HJ [5l [6] . In the limit, a new defect is 
created. Of course, taking such a limit is in general a highly singular procedure, which in 
special situations simplifies however. Most notably, there are so-called topological defects 
that preserve the full diffeomorphism invariance. They can be moved around freely, in 
particular without causing any singularities. Hence, they can be fused smoothly. 

In the context of supersymmetric N = (2, 2) models one can consider defects preserving 
A- or B-type supersymmetry. These defects survive the corresponding topological A- or 
B-twists respectively. On the level of the twisted theory, their fusion is regular and defines 
a product structure on all such defects [7|. 

Defects and their fusion have a variety of applications in the context of string theory 
and conformal field theory. In the string theory context, it was proposed in p] that 
defects can be used as spectrum generating symmetries. The main idea is that fusion of 
a conformal boundary condition describing a D-brane in CFTl with a topological defect 
between CFTl and CFT2, produces a conformal boundary condition in CFT2. Since 
conformal invariance is equivalent to the classical string equations, fusion with topological 
defects creates new solutions of classical string theory out of given ones. 

Certain special defects arise between UV and IR fixed points of quantum field theories 
|9]. These defects can be used to describe how boundary conditions behave under the 
corresponding renormalization group flows. In this way, defects and their fusion can serve 
as an alternative to the perturbative analysis of this problem. This has been made explicit 
in the case of = (2, 2) minimal models in [9^. 




^The theories on the two sides of the defect can either be the same or different. In case the theories 
are different, defects are sometimes referred to as "interfaces". 

^Recently, the paper [10] explored the possibihty to use certain topological defects to investigate 
bulk-boundary flows on the level of the full conformal field theory. 
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In the same spirit, defects can be used to describe D-brane monodromies [TT]. Namely, 
there are defects associated to exactly marginal bulk deformations as well. Fusion with a 
defect associated to a deformation along a closed loop in the bulk moduli space encodes 
the effect of the corresponding monodromy on boundary conditions. 

But defects are not only useful in the analysis of bulk perturbations of theories with 
boundary. They also relate different boundary renormalization group flows fTIl [T3| [Ti] . 
The basic idea is that certain boundary perturbations can be pulled back to the bulk 
by splitting off defects. In the context of WZW models this has been analyzed in [T3] . 
Turning things around, fusing a perturbed defect with a boundary condition, the defect 
perturbation descends to a boundary perturbation of the boundary condition emanat- 
ing from the fusion. Hence, defect perturbations give rise to classes of perturbations of 
different boundary conditions. 

Motivated by these observations, in this paper, we will study perturbed defects and 
their fusion in = (2, 2) supersymmetric theories, in particular Landau- Ginzburg models 
(see [151 Uni Uni for recent related work in conformal field theory). In Landau-Ginzburg 
models, B-type defects have a convenient realization in terms of matrix factorizations [7] . 
Their fusion is regular and essentially given by a tensor product between Chan-Paton 
type spaces. Therefore, this framework lends itself easily to the analysis of fusion of 
perturbed defects. This will be used to discuss how defect perturbations induce boundary 
perturbations in the way alluded to above. 

In the case of the Landau-Ginzburg models with one chiral superfield and superpoten- 
tial W = x'^ we establish that all supersymmetry preserving boundary perturbations arise 
in this way, i.e. all boundary perturbations can be pulled back into the bulk by means 
of defects. The same applies to Z^-orbifolds of these models, and to models which are 
tensor products of two identical models. Although we treat it in the Landau-Ginzburg 
framework, we expect that the arguments in the latter case generalize to tensor products 
of arbitrary N = (2, 2) theories with their conjugates. 

In the IR, the Landau-Ginzburg orbifolds with superpotential W = x'^ are described 
by iV = 2-supersymmetric minimal models, which are rational conformal field theories 
with diagonao modular invariants. Thus, in these models we can relate our considerations 
to results obtained for diagonal RCFTs. Of course, defect perturbations are much more 
difficult to deal with on the level of the full conformal field theory, but some special classes 
of perturbations have been treated in [5]. 

Apart from the induction of boundary perturbations, we use defect perturbations to 
construct special classes of defects which show an interesting universal behavior. More 
precisely, in any theory there are purely reflective defects which impose fixed boundary 

■^with respect to B-type supersymmetry 
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conditions on the two theories on either side, as well as the "trivial" or identity defect. 
Between these defects there is a canonical defect changing field, which descends from the 
identity field on the boundary condition imposed by the reflective defect. It can be used 
to perturb superpositions of reflective and identity defects. We show that the resulting 
perturbed defects have the following nice properties. 

If the underlying boundary condition is "spherical" in the sense that the BRST- 
cohomology of boundary fields on it is two-dimensional and the boundary two-point func- 
tions are non-degenerate, then the associated defect is group-like as defined in |T7], i.e. the 
defect and its dual fuse to the identity defect. Furthermore these defects obey a twisted 
commutation relation with respect to fusion. 

Moreover, if there is a collection (Pi, . . . , P^) of spherical boundary conditions, such 
that there is exactly one BRST-invariant boundary condition changing field between any 
neighboring Pj, P,-, |^ — j| = 1 and no one between Pj and P,-, \i— j\ > 1, i.e. the spherical 
boundary conditions form an Am-sequenc^, the associated defects satisfy braid relations 
with respect to fusion. 

We carry out the construction and discussion in the context of Landau-Ginzburg 
models, but we expect it to be valid in any N = (2, 2) supersymmetric theory. 

In fact, these defects are generalizations of defects describing monodromies around 
conifold points pA]. Their fusion with boundary conditions provides a world sheet real- 
ization of the twist functors introduced in the construction of braid group representations 
in the group of autoequivalences of certain categories in [18]. 

This paper is organized as follows: In Section [2] we review the matrix factorization 
formalism used to describe B-type defects and boundary conditions in Landau-Ginzburg 
models. Section [3] contains a general discussion of perturbed defects and their fusion in 
this framework. Section H] is devoted to the fusion of perturbed defects with boundary 
conditions, and the induced boundary perturbations. Finally in Section [5] we construct 
the universal twist defects and establish that under some conditions their fusion satisfies 
braid relations. We provide various classes of examples in which these conditions are 
satisfied. 

2 Brief review of matrix factorizations 

In Landau-Ginzburg models, B-type supersymmetric D-branes as well as B-type super- 
symmetry preserving defects have an elegant description in terms of matrix factorizations 
[I9l [201 [IH [7] , see [221 [23] for reviews. 

^Examples include the Am chains on K3 surfaces responsible for the non-abelian gauge symmetries of 
type II strings. 
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A matrix factorization P of a polynomial W G C[xi, . . . ,xn] is given by a pair (Pi, Pq) 
of free C[xi, . . . ,Xn] modules together with homomorphisms Ps : Pg P(s+i)mod2 between 
them which compose to W times the identity map, i.e. pipo = Widp^ and poPi = Widp^. 
In the following we will often represent matrix factorizations by 

pi 

P:Pi^Po. (1) 
po 

Sometimes it is useful to regard them as two-periodic twistec^ complexes. Indeed, such 
matrix factorizations form a category, with morphisms 7i*(P, Q) between two matrix 
factorizations P and Q given by the cohomology of the Hom-complex of the two twisted 
complexes associated to P and Q. The latter is a two-periodic untwisted complex. 

n*{P, Q) = i7*(Hom(P, Q)) = H*{P* ® Q) (2) 

Here, P* denotes the dual matrix factorization 

Po 

P* : p* ^ p* , (3) 
-Pl 

and the tensor product is the ordinary tensor product of complexes. It will be spelled out 
explicitly in (ITO!) below. 

There are always matrix factorizations with modules Pg = C[xi, . . . ,xn] and with 
maps Pr = I and P(r+i)mod2 = W. They are trivial in the sense that they only have 
zero-morphisms with any other (including themselves) matrix factorization. Two matrix 
factorizations which differ by the addition of such a trivial matrix factorization are equiv- 
alent. Indeed, if a matrix representing one of the maps qi of a matrix factorization Q 
contains a scalar entry different from zero, such a trivial matrix factorization can always 
be split off from Q. 

More generally, two matrix factorizations Q and Q' are equivalent if one can find maps 
Ui : Qi ^ Q[ and Vi : Q[ ^ Qi such that 

q'l = UoqiVi , Qq = UiqoVo , qi = v^q'^Ui , go = Viq^u^ (4) 

and 

VoUo = idQo + XiQo + qiXo , ViUi = idq^ + qoXi + XoQi , (5) 

UqVo = idg^ + xWo + (I'lX'o , uivi = idg'^ + q'^x'i + xWi ' 

^The differential squares to W instead of zero. 
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Physically, the defects constructed using matrix factorizations can be regarded as com- 
posites of a defect-anti-defect pair with a tachyon turned on. The data of the matrix 
factorization can be summarized in a defect BRST-operator 

containing the tachyon profile. This is an operator in End(Pi © Pq), which is odd with 
respect to the Z2-grading 

cr = idpo - idp, . (7) 

In this language, 7^(P, Q) is just given by the BRST-cohomology on Hom(P, Q), and the 
equivalence relation (jl]) becomes 

Q' = UQV, UV = id' + {Q,0'}, VU = id + {Q,0} (8) 

for some O and O'. 

As was shown in [191 1201 [21], B-type supersymmetric D-branes in Landau-Ginzburg 
models with chiral superfields Xi, . . . ,xn and superpotential W G C[xi, . . . ,xiy] can be 
represented by matrix factorizations of W, where open strings between two such D-branes 
are described by morphisms between the respective matrix factorizations. 

In the same way, it has been argued in [7] that B-type supersymmetry preserving 
defects between two Landau-Ginzburg models, one with chiral fields Xi, . . . ,xn and su- 
perpotential Wi G C[xi, . . . ,xn] and one with chiral superfields yi, . . . , i/m and superpo- 
tential W2 G C[yi, . . . yHAi] can be represented by matrix factorizations of Wi — W2 over 
the polynomial ring C[xi, . . . , XN,yi, ■ ■ ■ ,yN]- 

As mentioned before, one interesting property of = 2-super symmetric defects is 
that they can be fused with other such defects or boundary conditions preserving the 
same supersymmetry. Namely, two such defects can be brought on top of each other 
to produce a new defect, or a defect can be moved onto a world sheet boundary to 
change the boundary condition imposed there. This fusion has a very simple realization 
in terms of the matrix factorization description. For instance, let Xi, yi, Zi be the chiral 
superfields of three Landau-Ginzburg models with superpotentials Wi G C[a;i], W2 G C[|/i] 
and G €-[zi\ respectively, which are separated by two defects represented by matrix 
factorizations of Wi — W2 and P^ of W2 — W^. Fusing the two defects gives rise to a 
new defect separating the Landau-Ginzburg model with chiral fields Xj and superpotential 
Wi from the one with chiral fields Zi and superpotential W3. This fused defect is given 
by the matrix factorization 

* = {P' G pX.,.j ^ (9) 
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Here, the tensor product of two matrix factorizations is defined by taking the tensor 
product of the associated twisted complexes. It is also a two-periodic complex which is 
twisted by the sum of the twists of the tensor factors. More concretely, the tensor product 
P ® Q of matrix factorizations P and Q of W and W respectively can be written as 

P0Q : Pi0Qo®Po®Qi^ Po®Qo®Pi®Qi (10) 

ro 

with 

^ — f Pi ® id id(8)gi \ ^ _ / Po ® id -id (g) gi \ 

'"^ ~ V -id O go Po ® id y ' ~ V id O go Pi O id / ^ ^ 

which is a matrix factorization of W + W. 

In the situation above, P^ is a matrix factorization of Wi — W2 and P^ one of W2 — 
W3. Hence, P^ (g) -P^ is a matrix factorization of Wi — W3 G Cfxj,^;^], but it is still 
a matrix factorization over C[xi,yi, Zi\. That means that the modules (P^ Cg) P^)s are 
free C[xj, Zj]-modules and also the maps between them depend on the yi. The 
notation (P^ ® P^)c[^. ^ ] means that this matrix factorization has to be regarded as one 
over C[xi, Zi] onh^. As such, it is of infinite rank, because the modules (P^®P^)s regarded 
as modules over C[xj,2;i] are free modules of infinite rank. For instance, C[xi,yi,Zi] can 
be decomposed as 

C[xi,yi,Zi]= y[\ . .y''j^C[xi,Zi] (12) 
ai,.-,U)eN^ 

into free C[xi, 2;j]-modules. Physically speaking, the chiral fields yi of the theory squeezed 
in between the two defects are promoted to new defect degrees of freedom in the limit 
where the two defects coincide. However, most of them are trivial. Namely, if both P^ 
and P^ are of finite rank, the matrix factorization (P^ -P^)c[x z-] reduced to finite 

rank by splitting off infinitely many trivial matrix factorizations. It is the result of this 
reduction (P^ P^)qti z,] "which describes the fused defect. 

In the same way, fusion of B-type defects and B-type boundary conditions in Landau- 
Ginzburg models can be formulated in the matrix factorization framework. The fusion of a 
B-type defect separating a Landau- Ginzburg model with chiral fields Xi and superpotential 
Wi G C[xi] from one with chiral fields yi and superpotential W2 G C[yi] and a B-type 
boundary condition in the second of these Landau- Ginzburg models can be represented 
by the matrix factorization 

^*Q = (^®Q)c[t] , (13) 

^In the following, it will usually be evident which base ring is chosen for matrix factorizations. For 
ease of notation we will therefore omit subscripts like C[xi, Zi] in equation ([9]). 
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where P is the matrix factorization of Wi — W2 associated to the defect and Q the matrix 
factorization of W2 associated to the boundary condition. 

Certain defects are quite universal and exist in any Landau-Ginzburg model, or even 
any two-dimensional QFT. A special example is the identity defect Id. It is trivial in 
the sense that inserting it does not change any correlation functions. Nevertheless, it 
will play an interesting role in this paper. In Landau-Ginzburg models, it is realized by 
the following matrix factorization. The difference of the same superpotential in different 
variables can always be factorized as 

W{x,) - W{y,) = - y,)A{x,, y,) . (14) 

i 

Denoting the rank-one factorizations with factors p^^ = Xi — yi and p^^ = Ai{xj,yj) 
by Id'-*-', a matrix factorization representing the identity defect in the Landau-Ginzburg 
model with superpotential W is given by the tensor product 

Id = (g)IdW. (15) 

Even though the factorization (IT^ is not unique, the equivalence class of Id is unique. 
Different choices of the Ai lead to equivalent matrix factorizations Id. Indeed, as expected 
from the identity defect, fusion with the matrix factorization Id is trivial: Id * Q = Q 

Another universal class of defects are totally reflective defects. Such defects provide 
boundary conditions for the theories on either side, and do not allow any excitations to 
be transmitted between the theories. In the context of matrix factorizations, such defects 
are realized by tensor products of matrix factorizations of the superpotentials on the two 
sides. Let P be a matrix factorization of W{xi) and Q of W{yi). A totally reflective 
defect imposing boundary condition Q on one side and P on the other side is given by 

Tp,Q. :=P®Q*, (16) 

where the dual matrix factorization Q* was defined in (|3]). It arises here because of the 
different orientations on the two sides of the defect. The fusion of Tp^g* with matrix 
factorizations R of W{yi) have a simple form 

Tp,Q, * R = P ^ {Q* ^ R) = P ^ H*{Q* ^ R) = P ^n*iQ,R) . (17) 

Here, the matrix factorization P (g) {Q* ® R) has to be regarded as a matrix factorization 
overC[xj]. The factor C>?)-R is a factorization of iy(?/j) — Vr(?/j) =0. It is a complex with 
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a regular differential S, which squares to zero and does not depend on the Xj. Thus, the 
non-zero matrix entries of 6 contribute scalars to the matrix factorization P ® {Q* ® R) 
which can be used to reduce it to P Cg) H*{Q* ® R). 

In Section [5] we will perturb the superposition of the identity and totally reflective 
defects and show that the resulting defects give rise to some interesting structures. 

Everything described above for Landau-Ginzburg models easily carries over to Landau- 
Ginzburg orbifolds [D]. If F is a finite group acting on the ring C[a;i, . . . , x^r] of chiral fields 
of a Landau-Ginzburg model in such a way that the superpotential W is F-invariant, one 
can consider its F-orbifold. B-type defects and boundary conditions in such orbifold 
theories can be represented by F-equivariant matrix factorizations |26l [271 E] • These are 
matrix factorizations P together with representations of F on Pj which are compatible 
with the ring structure, and with respect to which the maps Pi are invariant: P(j-i) mod2Pi = 
Pipi. These conditions ensure that there is an induced representation of F on the BRST- 
cohomology TC*{P, Q) which can be used to define the BRST-cohomology of the orbifold 
theory as the F-invariant part 

nUiP,Q) = in*iP,Q)f (18) 

of the respective BRST-cohomology in the underlying unorbifolded model. 

Similarly, fusion of two defect matrix factorizations in the orbifold theory is given by 
the Fgqueezed-invariant part of the fusion of the underlying matrix factorizations 

Here, Fgqueezed deuotes the orbifold group of the Landau-Ginzburg model squeezed in 
between the two defects. For more details on B-type defects in Landau-Ginzburg orbifolds 
see 0. 

3 Perturbed defects and their fusion 
3.1 Perturbation of defects 

The perturbation theory of defects exactly parallels the one of boundary conditions. In- 
teresting new effects arise however, when one considers structures inherent to defects, 
which are not present in boundary conditions, for instance fusion. Let us start by briefly 
discussing perturbations of B-type defects in Landau-Ginzburg models, following [27] . 

Just like for boundaries, there are fields which are confined to defects, and which can 
be used to perturb the latter. In the context of Landau-Ginzburg models, supersymmetry 
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preserving perturbations of B-type defects P are generated by fields in 7i(P, P), and they 
correspond to deformations of the corresponding matrix factorizations. In the BRST- 
formulation ([6]) such a deformation is a family 

Q(t) = QO + ^t>„ (20) 

n>l 

of BRST-operators with 

{Q{t)f = W 

for all t. To first order in t this condition means that 
respect to the undeformed BRST-operator Q° 

{Q°,V^i} = 0. (22) 

On the other hand, if tpi is BRST-closed with respect to 

^i=[Q',Xi] (23) 

then the first order deformation can be compensated by the equivalence 

Q ^ 6^*^^^ Qe*^^ . (24) 

Thus, to first order, deformations of (equivalence classes of) matrix factorizations P are 
generated by 7i^{P,P). Of course, not all first order deformations are necessarily inte- 
grable. In general, there can be obstructions at higher order, as has been analyzed in 
[28l [27t [29 t [30]. For instance at second order, condition (l2T|l implies 

^? + {Q°,^2} = 0. (25) 

If ipi squares to a non-trivial BRST-cohomology class, equation fl2^ cannot be satisfied 
and the deformation generated by ipi is obstructed. Otherwise, one can find ip2 such that 
( !25|) holds. This can be repeated order by order: given ipi, . . . , ipn-i such that (12T!) holds 
to order n — 1 one has to construct ipn such that it is satisfied to order n. If for some 
n this is not possible, the deformation is obstructed. Otherwise one obtains a family 
of non-equivalent BRST-operators parametrized by t, or to put it differently a family of 
non-equivalent matrix factorizations (see [27] for a more detailed discussion in case of 
boundaries). 

A special case arises, when the undeformed matrix factorization is a direct sum of two 
matrix factorizations P and P', and the deformation is generated by a "defect changing 
operator" T G 7i^(P, P'). It describes the bound state formation of the associated defects. 



(21) 

ipi has to be BRST-closed with 
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Since in this case = 0, condition fl2ip is automatically satisfied to all orders, and 
no higher order terms are necessary. In particular, all such deformations are integrable, 
and the family of matrix factorizations are given by the mapping cones 

Q{t) = Cone(tr : P P') : Pi © P[ . ' Pq © Pq (26) 

Co 

with 

= ( trU P[)' '° = ( trl, p', ) • 

Note that all Q{t) for t ^ are equivalent. 
3.2 Fusion of perturbed defects 

Our focus in this paper is the fusion of perturbed defects, in particular of those defects 
which can be obtained as bound states. Of course, the fusion product of a perturbed 
defect D(t) with another defect D' can be viewed as a perturbation of the fusion product 
of the unperturbed defect with the other defect 

D{t) * D' = {D * D'){t) . (27) 

Once the obstruction problem is solved for the initial defect D and a given direction 
ipi e Tt^{D,D), it is automatically solved for D * D' for an induced direction ipi e 
H^{D * D',D * D'). Indeed, this is obvious, because fusing a family of defects with 
another defect one obtains again a family of defects. 

The first question that arises is how to determine the induced direction ipi. The answer 
is indeed straight-forward to work out in the Landau- Ginzburg framework. 

Let us start with an unperturbed defect corresponding to a matrix factorization of 
W^i(a^i) — ^^2(2/4) with BRST-operator Q\. Adding a perturbation generated by i/'i results 
in a perturbed BRST-operator Qi{t) = Q\ + Ylin>o ^""^n- '^'^^ fusion product 

with an arbitrary other defect with BRST-operator Q2, (62)^ = W^iyi) — W2,{zi). Fusion 
creates a new defect with BRST-operator 

Q{t) = Ql + Y, + Q2 = Q° + 5^ t>„ (28) 

n>0 ra>0 

which correctly squares to Wi{xi) — ^3(2/4). This equation just reflects the fact that the 
fusion of a perturbed defect with another defect can be interpreted as a perturbation of 
the fusion of the unperturbed defects. The BRST-operators Q{t) appearing above still 
depend on the chiral fields which in the fusion process were promoted to new defect 
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degrees of freedom. In terms of matrix factorizations, the result is an infinite dimensional 
matrix factorization over C[xj,2;j]. They can be made finite dimensional by equivalence 
transformations involving stripping off infinitely many trivial matrix factorizations. For 
the unperturbed fusion there exist polynomial matrices U, V that are inverse to each other 
up to BRST-equivalence and satisfy 

f/QV = [QY'^ , (29) 

where [2°]'"'''^ is the finite dimensional reduction of Q^. Once the equivalences U,V are 
determined for the unperturbed fusion, they can be used to^map the perturbing field ipi 
and the higher order terms n > 1 to the induced fields ipn on [Q^]'''^'^. 

As discussed above, in case the perturbed defect D{t) corresponds to a bound state, 
the same is true for D{t) *D'. Hence, also the deformation problem for D{t) *D' is solved 
at first order and all ■?/'„ = for n > 1. Only ipi needs to be determined. 

Consider for instance the bound state 

P = Cone(T : P^^) ^ P^^)) (30) 

for some T e V}{P^^\P^'^'^). 

The fusion with a defect represented by a matrix factorization Q then takes the form 

P * Q = Cone(T : P^^^ ^ P^^)) * Q (31) 
= [Cone(T:P«^p(2))®g]^^'^ 

= [Cone(r ® id : P^^^ P^^^ ® Q)] """^ 

= Cone(f : P^^^ P^^^ * Q) 

In the last step, the tensor product matrices have been reduced to finite dimension, and the 
tachyon T was transferred accordingly by means of the equivalences P^*) ® Q = P^^) *Q,. 

3.3 Calculation of perturbed fusion products 

As alluded to in Section [2] the most difficult part in determining the fusion P * Q = 
(P (g) QY"'^ of two matrix factorizations P of Wi{xi) - W2{yi) and Q of W2{yi) - W^izi) 
is to reduce their tensor product to finite dimension. Indeed, trying to find the cor- 
responding equivalences directly on the level of matrix factorizations can be very intri- 
cate. However as put forward in [7j one can make use of the relation between maximal 
Cohen-Macaulay modules and matrix factorizations [31]. Namely, instead of consider- 
ing the matrix factorization Q' = P ® Q over C[a;j,Zj], one can equivalently consider an 



13 



R — C[xi, Zi\/{Wi{xi) — W3(2;j))-module V with a projective resolution 



Vn + l 



Vl 



Vo = V^O, 



(32) 



which after a finite number of steps turns into the two-periodic complex determined by 
the matrix factorization Q' 



VN+2i = Q'o/iW, - W3)Q'o , VN+2i+l - Q'JiWi - W3)Q[ , 



VN+2i — Qo 



VN+2i+l — Qi 



(33) 



for all i > 0. Instead of reducing Q' one can now reduce V to a finite rank i?-module 
V and calculate a projective resolution 



Vn+l ?} 'Vn 'Vn-l ^1 t7 _ f/ A 

■ ■ ■ Vn > Vn-1 ■ ■ ■ Vq — V — > U , 

which also turns two-periodic after a finite number of steps 



Vi 



V 



N+2i 
N+2i ■ 



So/{Wi-Ws)So, Vj 



So , 



V 



N+2i+l 
N+2i+l ■ 



(34) 



(35) 



for all i > 0. Here the Si are free C[xi, Zj] -modules of finite rank, and the two-periodic 
part of the resolution gives rise to a finite dimensional matrix factorization 



S : Si 



si 



S2 



(36) 



of Wi{xi) — Ws{zi) over C[xi, Zi]. The isomorphisms r : V ^ V and r* : V —>■ V lift to 
the resolutions 



^ ^ Vl ^ Vo = V 



r2 



n 



(37) 



V3 , 



and the and r* for i > N,N provide an equivalence of the matrix factorizations Q' and 
S. In this way, one can obtain a finite dimensional matrix factorization S equivalent to 
Q', and also determine the equivalence between the two. The latter can in particular be 
used to map morphisms of Q' to those of S. 
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4 An Application: Boundary flows from defects 



A special case of the fusion processes discussed above is the fusion of a perturbed defect 
with a boundary condition. If the perturbation of the defect is unobstructed, so that 
it gives rise to a family of supersymmetry preserving defects, fusion with a boundary 
condition immediately yields a family of boundary conditions. The deformation problem 
on the boundary does not need to be solved again, it is solved on the level of the defect. 
Note that one and the same family of defects can be fused with many different boundary 
conditions. This means that unobstructed directions in the moduli space of different D- 
branes are in fact related: They are universal flat directions in the sense that they can be 
pulled back to the bulk using the same defect. 

This holds in particular for defects, which can be obtained as bound states. Fusing 
such a defect with a boundary condition yields a bound state of boundary conditions, 
where the tachyon is induced by the one on the defect. This again means that certain 
tachyon condensation processes of D-branes are universal in the above sense and can be 
pulled back to the bulk, as has been discussed for WZW models in [12]. The advantage 
of the Landau- Ginzburg language is that the fusion product can easily be calculated, and 
that it is therefore straight forward to determine the resulting boundary flows. We will 
illustrate this in some examples. 

4.1 Example: Minimal models 

4.1.1 B-type boundary conditions in minimal models 

Consider a Landau- Ginzburg model with superpotential 

W = x'^ . (38) 

B-type supersymmetric boundary conditions in these models can be represented by matrix 
factorizations of W. All matrix factorizations of W can be obtained as cones of the 
elementary matrix factorizations 

Q' : Q{ = C[x] C[x] = . (39) 

As described in Section |2], the open string spectrum between two different boundary 
conditions can be obtained as the BRST-cohomology T-C{Q^^ , Q^^) of the respective matrix 
factorizations Q^^ 
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Q 




A BRST- invariant fermion t = (ti, to) '■ Q^^ Q^"^ has to satisfy 

x'^-^i + tQX^^ = . 
In the case that ii + £2 < d we can solve for to 

Co — —tix , 

otherwise, if £1 + £2 > 



U 



The fermion is BRST-exact if 



ti = X^^(j)i + (poX^^ 



(40) 
(41) 

(42) 



Hence, the fermionic BRST-cohomology can be described as 

t = (ti,to) = {h.-trx"-'^-'^), hex'C[x]/{x'')^n\Q'\Q'^), (43) 

where a = min{£i, £2} ~ 1 and b = maxjc? — ii — £2, 0}. 

The possible tachyon condensation processes have been described in the Landau- 
Ginzburg framework in [32]. Deformations of a single are not integrable, but per- 
turbations with defect changing fields are. As discussed above, they can be represented 
by cones 

Cone(t : Q^' Q^^) (44) 

In the following we will demonstrate that all these perturbations are induced by fusion 
with perturbed defects. The idea is to generate all boundary conditions by fusing defects 
with the boundary condition corresponding to the elementary matrix factorization Q^, 
and to show that the boundary spectra can be induced from the defects. Let us start by 
introducing the defects which we will use. 
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4.1.2 B-type defects in minimal models 

B-tj^e defects in minimal models can be represented by matrix factorizations of the 
superpotential 

W = x'^-y^. (45) 
A nice class of such defects can be easily obtained by grouping the linear factors of 



W{x)-W{y) = \{{x-r]iy), r]i = (46) 



1=1 

into two sets. One obtains rank-one factorizations 

P^:C[a;,y] ^:^C[x,i/] (47) 

with 

Pi = W{x-Tliy)^ Po= Yli^-ViV), (48) 

iei ieD\i 

and D = {1, . . . ,d} and I C D. 

4.1.3 Inducing boundary flows by defects 

It is not difficult to see [7J that an elementary matrix factorization can be obtained by 
fusing any defect matrix factorization with |/| = £ with 

*Q^^ gi^i . (49) 

Namely, as described in Section [23] to reduce the infinite dimensional matrix factorization 
Q' = P^ ® we consider the R = C[x]/ (x'^)-module V = coker(p( (g) idq^, idpg ® ^i) and 
its i?-free resolution 

• • • ^ Q'l ^ Qo ^ Q[ ^'-^^ Po^Qo^V^O, (50) 
which turns into the matrix factorization Q' after two steps. But now as an i?-module 

V = coker(p(,gJ) - C[x,y]/{l[{x - r],y),y) = C[x]/{x\') =: V , (51) 

iei 

which has a two-periodic resolution 

\i\ a-d-l-rl ~ 

...-^R^R—^R^R^V^O, (52) 
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corresponding to the matrix factorization Q'^'. Hence, Q' = Q'^'. 

Next we will show that also the boundary condition changing spectra between elemen- 
tary boundary conditions specified by Q^^ and Q^'^ can be induced from defect changing 
spectra of P^^ and P^^, = ii upon fusion with Q^. 

The spectrum between the defects P^^ and P^^ depends very much on the divisibihty 
properties of , . In the extreme case Ii — I2 the spectrum is purely bosonic, whereas 
in the case that Ji and I2 have no common factors it is purely fermionic. For our purposes, 
we are interested in having many fermionic defect changing fields, and hence we choose 
Ii and I2 such that the cardinality of their intersection is minimized. If £1 + £2 < d, there 
are non- intersecting Ii and I2 with = £i. Then p^^ is always divisible by p{^. If on the 
other hand £1 + £2 > d the intersection Ii (1 12 contains at least £1 + £2 — d elements. If 
Ii and I2 are chosen to contain exactly ii + £2 — d elements, pl^ is divisible by Pq^. This 
means that the condition for BRST-closedness of a defect changing field T : P^^ —>■ P^^ 

p^^Ti + ToP^^O (53) 

can be solved similarly to the case of the boundary conditions 

To = -^Ti, ioj:£i + £2<d, (54) 
Pi 

Ti = -^To, ior£i + £2>d (55) 
BRST-exact fermions satisfy 

Pi = n (a^ - ^m2/)01 + 00 II - Vmy) (56) 

To = (po Yl Vmy) + H (a; - r]my)(l>i 

m€D\h meD\l2 

Thus, the fermionic BRST-cohomology can be described as 

P = (Pi,Po) = (Pi,-^Pi), T,e Yl {x-7i,y)C[x,y]/{p'^,p'^). (57) 

^1 iehnh 

Next, we will show that upon fusion with these defect changing spectra indeed induce 
the boundary condition changing spectra between the respective 

To show that this is the case, we first determine the equivalence of the matrix factor- 
izations Q' — P^ ® and with £ — This can be easily done using the method 
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described in Section 13.31 Namely, we just have to lift the isomorphism = to a map 
between the resolutions (ISUI) and (13^ . Setting R = C[x,y]/ {W{x)) we have to construct 
the i?-module homomorphisms r, r*, rj, r* in 



r2 



1o 



i?2 



R cokei {p{,y) 



... ^ R ^ R ^ R 

The isomorphism can be lifted in the following way: 
r : (1 1-^ 1 , 1-^ 0) , r* : 1 1-^ 1 , 
ri = r o (1, 0) , r* = 



coker(x^) 



r2 = r o (1, 0) 



o r 



o r 



(5^ 



(59) 



Note that p{ = x^+y{. . . ) and Pq 



X 



''+y{. ■ .) so that all the morphisms are well defined. 



As discussed in Section [373] the morphisms ri,r^,r2,r2 indeed provide the equivalence of 
the matrix factorizations Q' = ® and Q^, and they can be used to transfer defect 
changing fields T : P^^ — * P^"^ to boundary condition changing fields t : Q^^ —>■ Q^^ . Upon 
fusion with Q^, a defect changing field T is transferred to a boundary condition changing 
field T (g) idgi on Q'. By means of the equivalence one obtains 



to 



rf o (T(g)idQi)i orj^)* 



rf)o(T®idQi)oor^ 



(1)* 



r o Ti o r* 
r o To o r* 



(60) 



where r; 



denote the equivalences of P^' (S> = respectively. Thus, the 
are obtained from the T, by setting ?/ = 0. Comparing the fermionic spectra 0571) of 
defect changing fields P^^ — ^ P^^ and the ones (1431) of boundary condition changing fields 
Q^^ — s> Q^^, one finds that the entire fermionic boundary spectra can be induced by defect 
changing fields upon fusion with . Thus, for minimal models, all boundary RG flows 
can be pulled back to the bulk using defects. 



4.2 Example: Minimal model orbifolds 

As a next example, we consider the Z^^-orbifold of the Landau- Ginzburg model with 
superpotential W = x'^, where the orbifold group acts on the chiral superfield x by phase 
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multiplication. In fact, these orbifold theories are mirror to the original unorbifolded 
Landau- Ginzburg models, and B-type defects and boundary conditions in the orbifolds 
correspond to A-type defects and boundary conditions in the unorbifolded theories. As 
mentioned in Section [2], B-type boundary conditions and matrix factorizations in Landau- 
Ginzburg orbifolds are represented by equivariant matrix factorizations of the respective 
superpotentials. For instance the Zj^-equivariant rank one factorizations of W are given 

by 

QL C{x]{m + £| C[il[ml , (61) 

where the Z^-representation on C[x][m] is specified by the action of the generator on 
1 G C[x]: 1 1-^ e~^l. Also in the orbifold models all matrix factorizations can be 
obtained by cones of such rank-one factorizations. 

B-type defects in the orbifold models are represented by F = x Z^-equivariant 
matrix factorizations of W{x) — W{y), where the first Z^ acts on x only, and the second 
one on y. Indeed, by means of the orbifold construction, one can obtain such factorizations 
out of the non-equivariant defined in equation (H7|) . Roughly speaking, one chooses a 
representation of the stabilizer subgroup Fstab C F under which is invariant and then 
takes its F/Fstab-orbit. In this case Fgtab is the diagonal Z^-subgroup, so one obtains a 
sum 

Prn=®P'^'\rn], (62) 

where the representation of the diagonal Z^-subgroup is indicated by (■)[m] and 
7({zi, . . . , v}) = {^1 + 7 mod . . . , V + 7 mod d} 

is the cyclic shift of /. This is a diagonal c?- dimensional matrix factorization, on which 
the action of F is non-diagonal however. But it can be diagonalized. Denoting the basis 
in which the matrix factorization is diagonal by Cj, we can diagonalize the F-action by 
the change of basis 

d 

en = $^r7^"e, (63) 

1=1 

which is inverted by 

^™ = ^E^"'^- (64) 
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In the basis e^, Plj takes the form 



[m+|/|,0] 
[m+l+|/|,-l] 



pi{x,Y) 



\ [m+{d-l)+\I\-{d-l)] J 



[m,0] 
[m+1,-1] 



(65) 



\^ [m+{d~l)-{d~l)] J 



where X and Y are the d x rf-matrices X = xld and Y = yS, with S the c?- dimensional 
shift matrix 

Sa. = Sl'l, . (66) 

Note that because of the orbit formation in the orbifold construction not all of the 
are inequivalent. In fact, P^ = P^ if J is a (cychc) shift of /, i.e. J = I + nmodd. 

The fusion of P^ with Ql can be easily calculated. Using the method already employed 
in Section 14.1. 2[ one obtains 



^m* Qq — Qm 



(67) 



where here -[—i] denotes the representation of the second Z^, the orbifold group of the 
model squeezed in between defect and boundary. The fusion in the orbifold model is the 
Tsqueezed-invariant part of ([67]) 

PL *orb Ql = Ql^l . (68) 

Hence, also in the orbifold theory, one can generate all elementary matrix factorizations 
by fusing defect factorizations P^ with Ql. 

Indeed, there is another way to obtain the fusion (16 7p . Namely, we one can use the 
diagonal form fl62l) P^, which is a direct sum of the ordinary rank-one factorizations 
P^ . In this way, one reduces the problem to the problem in the non-orbifolded situation 
discussed in Section [4.1.21 Since the result of the fusion of P^ with Q^ only depends on 
the cardinality of J, the fusion * Ql just gives a direct sum of d equal summands Q'^L 
To bring this in the basis in which the F-action is diagonal, we have to do the change of 
basis (I63|64p . Being diagonal, this does not change the result however, and we arrive at 

(EZD. 

Having established that one can generate all Q^ by fusing defects P^ with Ql, we 



would like to show next that also the entire spectra of boundary operators Q 



ii 

mi 



Q 



can 



be induced upon fusion with Ql by defect changing operators P^^ P^^ with = li. 

As in the unorbifolded theory we choose /i, I2 in such a way that |/i n/2| is minimized. 
Indeed, it is easy to see that for a given T{x,y) e n\P^\P^^) in the unorbifolded 
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theory of degree ii + mi — 1712 mod d for Ti and degree £2 + ^2 — f^i for To, T{X, Y) G 
^orb(-Pmi) ^m2)- '^'^ transfer this boundary condition changing field to the fused boundary 
we make use of the diagonal form (l62l) . This allows us to reduce the problem to the 
unorbifolded problem. Using the equivalences in the unorbifolded case fl60|) and then 
projecting to the invariant part of the fusion product, we obtain 

t = roTor* = T{x,0) (69) 

for the boundary changing field. As in the unorbifolded case, comparing defect and 
boundary BRST-cohomology we find that before the orbifold projection we obtain the 
entire boundary spectra this way. But of course also the projections agree. Hence, we 
arrive at the conclusion that in the orbifold models as well the entire boundary changing 
spectra can be induced from defect changing fields by fusion of defects with Ql. 

4.3 Example: Tensor products of identical LG models 

Another simple example is the tensor product of two identical minimal models. It turns 
out that this is not any simpler than the more general case of a product of two arbitrary 
identical Landau-Ginzburg models. In fact, for ease of notation we will consider tensor 
products of Landau-Ginzburg models with their conjugates in the following. That means 
the models have chiral superfields xi, . . . , xn, xi, . . . ,xn and superpotential W{xi)—W{xi) 
instead of W{xi)+W{xi). The construction below easily carries over to the tensor product 
of identical Landau-Ginzburg models. 

Now, given any matrix factorization Q{xi,Xi) of W{xi) — W{xi), we define the defect 
matrix factorization of W{xi) — W{xi) — W^yi) + W{yi) as the tensor product 

Pq := Q{xi, yi) ® Id(xi, yi) , (70) 

where Id(xj, %) is the matrix factorization representing the identity defect in the second 
tensor factor. 

Of course, fusing Pq with the identity matrix factorization 

E = \d{y,,yi) (71) 

between the two tensor factors gives back the matrix factorization Q: 

Pq*E = Q. (72) 

Here one only needs to make repeated use of the fact that Id * P = P for any matrix 
factorization P. Hence, in these models every matrix factorization Q can be obtained 
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by fusing a defect matrix factorization Pq with a fixed matrix factorization E. This is 
true in particular for famihes Q{t) of matrix factorizations. Therefore, all perturbations 
of boundary conditions can be pulled back into the bulk by means of the defects Pq in 
these models. 

Of course it is also clear from the above that the defect changing fields 



induce the respective boundary condition changing fields between the fused boundaries 



In fact, the arguments used to arrive at this conclusion do not depend on the matrix 
factorization formalism, so we expect that the result carries over to tensor products of 
arbitrary = (2, 2)-theories with their conjugates. 

4.4 Defect induced boundary flows in CFT 

The fusion of perturbed defects has been considered on the level of the full conformal 
field theory for rational models with diagonal modular invariants in [S]. There, only 
defects which preserve both, the holomorphic and antiholomorphic ly-algebras on the 
full complex plane were considered. These defects in particular preserve both copies 
of the Virasoro algebra and are therefore topological, which implies that their fusion is 
non- singular. 

To ensure that also the perturbed defects (taken here to extend parallel to the real 
line) can be moved smoothly along the imaginary axis, the perturbations are restricted 
to chiral defect fields 4>{^)^ '§E^i^) ~ 0- Defects perturbed by chiral fields still commute 
with the Hamiltonian generating translations along the imaginary axis, and hence can be 
fused smoothly with parallel defects. Moreover, the perturbations are further restricted 
in [5] by demanding that only fields in a single fixed representation occur. 

The result of the fusion of two defects perturbed in this way is obtained as a bunch 
of defects resulting from the fusion of the unperturbed defects perturbed again by defect 
changing fields in the fixed representation. 

For rational CFTs with charge conjugate modular invariant, defect operators corre- 
sponding to topological defects can immediately be written down [3] 



Here, J,j specify irreducible representations of the chiral symmetry algebra and take 
values in some index set X. Pji are projection operators on the representation spaces 



n\Q\Q^)0idMcn\PQi,PQ2) 



(73) 



Pq.*E = q\ 




(74) 
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Vj ® Vj, and S denotes the modular S'-matrix of the respective characters Xj- Fusion 
of these defects can be obtained by composing the respective operators, and using the 
Verhnde formula, one easily obtains 

Dj*Dj, = J2^^jj'Dj", (75) 
J" 

where Af denote the fusion rule coefficients. 

Likewise, boundary states for symmetry preserving boundary conditions are given by 
Cardy's formula 

ll^)) = E4^b'))' (76) 



where \j)) denote the Ishibashi states in the sector Vj ® Vj. 

Fusion of topological defects with boundary conditions can be calculated by applying 
the respective defect operators to the boundary states. For the defects and boundary 
states above this yields 

^.|l^'))=E-^i^''ll'^"))- (77) 
J" 

This implies in particular that all Cardy boundary conditions || J)) can be obtained by 
fusing the topological defects Dj with the boundary condition ||0)) associated to the 
vacuum representation. This is very much like in the case of B-type boundary conditions 
in Landau- Ginzburg models discussed in Sections 14.11 and 14.21 above, where all boundary 
conditions can be produced by fusing defects with a fixed linear matrix factorization. 

The spectra of defect changing fields between the defects Dj and the spectrum of 
boundary condition changing fields between the Cardy boundary conditions || J)) can be 
easily determined in the RCFT setting 

jd'd" 

n^j' = 0A/'/',V,- (79) 
j 

The chiral defect changing fields are obtained by setting j' = in ( ITHI) . One immedi- 
ately finds that the space of chiral defect changing fields between defects Dj and D ji is 
isomorphic to the space of boundary condition changing fields between || J)) and || J')). 

This implies that indeed all boundary perturbations can be obtained by fusing the 
boundary condition ||0)) with chirally perturbed defects. 
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For instance a boundary flow of a sum of boundary conditions || J)) © \\J')) generated 
by a boundary condition changing fleld in representation j can be obtained by fusing 
boundary condition ||0)) with a defect Dj © Dj' perturbed by the chiral defect changing 
fleld in that same representatior0. 

On a formal level this is quite similar to what we have seen for matrix factorizations: 
All boundary conditions can be generated by fusing defects with a particular boundary 
condition, and all boundary condition changing flelds can be induced by choosing partic- 
ular defect changing flelds. 

To make the relation completely precise, one can consider the example of the super- 
symmetric minimal model with A-type boundary conditions and defects, or equivalently 
B-type boundary conditions and defects in the orbifold of the minimal model. Here both 
a description in terms of matrix factorizations and in terms of rational conformal fleld 
theory is available. On the level of matrix factorizations this is the Landau-Ginzburg 
orbifold discussed in Section 14. 2[ 

The N = (2, 2)-superconformal minimal models Aik are rational with respect to the 
N = 2 super Virasoro algebra at central charge = In fact, the bosonic part of this 
algebra can be realized as the coset W-algebra 

. _ a(2),©u(l)4 

VircJbos - : [^^) 

and the respective coset CFT can be obtained from by a non-chiral GSO projection. 

The Hilbert space of Mk decomposes into irreducible highest weight representa- 
tions of holomorphic and antiholomorphic super Virasoro algebras, but it is convenient to 
decompose it further into irreducible highest weight representations V[/,m,s] of the bosonic 
subalgebra (|80|) . These representations are labelled by 



[I, m, s] G Xfe := {(/, m, s) I < / < A;, m G 2,2^+4, s G Z4, I + m + s E 2Z}/ ~ , (81) 

where [l,m,s] ~ [k — l,m + k + 2, s + 2] is the fleld identiflcation. The highest weight 
representation of the full super Virasoro algebra are given by 

V[i,m] := V[/,m,{«+m)mod2] © V[/,m,{i+m) mod 2+2] • (82) 

For (/ + m) even V[i^rn] is in the NS-, for (/ + m) odd in the R-sector. Here [l,m] E J'k : = 
{(/, m) I < Z < /c, m G ^2^+4}/ ~, [l,m] ~ [k — l,m + k + 2]. The Hilbert spaces of A4k 
in the NSNS- and RR-sectors then read 

'^NSNS - ® ^[l,m] ® Vll,m] , ^^/J = ^ V[i,m] © V[/,m] . (83) 

[!,m]6j7j. [i,m]SJ'j. 

l+meven Z+m odd 



^Representations of fields are not changed when they are transferred in the fusion process. 
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To obtain a CFT with a modular invariant partition function from this fully supersym- 
metric theory, one needs to perform a GSO projection. In the case at hand, there are two 
possibilities, a type OA and a type OB projection, distinguished by the action of (—1)^. 
We will consider the type OB case, where states in the sector V[i^rn,s]^^[i,m-s] are invariant 
under the projection. 

The defects of the theory with either GSO projection have been given in [7j. The 
general form of the defect operators in the Cardy case is 

V= J2 '^^''"''''%i,m,s,,], (84) 

[1,711,3] ,s 

s— seven 

where P[;,m,s,s] is a projector on the modules V[i^m,s] ® '^li,m,s] of the bosonic subalgebra. 
The solutions for the coefficients are given by 

^[l,m,s,s] _ i^i(f+Il S[L,M,S-S\[l,m,s] . . 

^[L,M,S,g\ ~ ^ C, , , ' 

[0,0,0], [«,m,s] 

where the different defects are specified by [L, M, 5, S] with [L, M,S — S] G X^, and 

1 ^i^Ss i^Mrn . / (L+l)(/ + l)\ 



k+2 \ k+2 

is the modular S-matrix for the coset representations V[i^rn,s]- 

In the orbifold theory, modding out the phase symmetry acting on the U2fc+4 

labels projects the Hilbert space of Aik on the subsector with m = 0. Together with the 
twisted sectors, the new Hilbert space takes the form 

'^NSNS - ^ '^[IM ® V[i,^m] , T-Crr = ^ V[i,m] ® Vli-rn] ■ (87) 

ll,m]eJ^. [!,m]ej'j, 
l+meven Z+m odd 

The defect operators of the orbifold theory look very similar to that of the original theory: 

po^b^ ^ ^^t'-'-'^'^'^pri,.,.] , (88) 



[L ,m,s] ,s 

s— s even 



where now P°/J^ss] is a projector on V[i^m,s] ® V[/,„m,5]. The coefficients are given by fl55]) 
just like in the unorbifolded case. 

For this reason, also the fusion algebra between defects in the orbifold theory is the 
same as the one in the original unorbifolded model [7] 

■^[Li,Mi,Si,5i]'^[L2,M2,52,S2] ^ "^^1^2 '^[L,Mi+M2,5i+52,5i+52] " (^^) 

L 
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For L = these defects are group like. For the original theory, the defects I^[o,m,o,o] realize 
the action of the orbifold group, whereas in the orbifold theory, the ^^°oAf oo] realize the 
corresponding quantum symmetry. 

For later use, we calculate the defect changing spectrum. For this, we use the folding 
trick and map the defects to permutation boundary states in the doubled theory. These 
boundary states have been analyzed in detail for the unorbifolded case [551 [51] . To 
summarize, in the original, unorbifolded theory, the permutation B type boundary states 
are given by 

\\[L,M,S,,S2])) (90) 
2v2, OQi 
where the sum runs over all l,m,Si and S2 for which 

I + m + si and Si — S2 are even. (91) 
Here, \[l,m, si] (8> [/, — m, —S2])y are B-type permutation Ishibashi states in the sectors 

—m,—si\ (92) 



which means that they intertwine the respective supersymmetry algebras of the two tensor 
factors. In the orbifold theory, the boundary states are similarly given by 

||[L,M,^l,^2]))orb (93) 
2y/ 2 , — OQi 

l,in,si,S2 

where now the permutation Ishibashi states with m ^ come from the twisted sectors 

^l,m,si] ® y[l,m-S2] ) ® [^[l,m,S2] ® ^[l,m-si] ) ■ (94) 



These boundary states can be obtained directly from the defect ( ]88ll by means of the 
folding trick. It can also be obtained from the un-orbifolded boundary states ( |90il using the 
orbifold construction. To see this, note that the boundary states are invariant under the 
diagonal 2^+2 C. 2,^+2 x Zk+2, leading to resolved boundary states labelled by an additional 
Zfc_|_2-representation label M', which specifies the representation in the boundary sectors. 
Orbifolding by the second Zfc+2-factor introduces an orbit of boundary states of different 
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M. The result is fl93l) . In our notation we do not distinguish between labels M and M' 
although from the orbifold point of view these labels play different roles. 

Note that the permutation boundary states of the two theories differs only in a minus 
sign in front of one of the m labels in the Ishibashi states. As a consequence, also the 
one-loop amplitudes are almost identical to the ones 

(([L,M,5i,52]||g^(^«+^°)-^||[L,M,5i,52])) = 
i 

X (5(^)(A5i + s\) 5(^)(A52 + 4) + + 2 + 4) 5(^)(A52 + 2 + 4)) 

X (<5(^)(A5i + 2 + s'^) <5(^)(A52 + 4) + 5^'HA5i + 4) (5(^)(A52 + 2 + 4))] , 

of the original unorbifolded theory. Here AM = M — M and AS'j = Si — Si. In particular, 
we find that the boundary spectrum of || [0, 0, 0, 0])) is isomorphic to the bulk spectrum, 
which is expected, because it is isomorphic to the spectrum of defect fields on the trivial 
defect. 

In the orbifold theory one obtains 

(([L, M, 52]||g^(''"+^"^-^||[^, M, Su 52]))orb= X[l[,m[,s',]{q) X[l'„m'„s'M 

\l'.,m'.,s'-] 

i 

X (5(^)(A^i + s\) (5(^)(A52 + 4) + ^^'HA'^i + 2 + s'l) (5(^)(A^2 + 2 + 4)) 

X (5(^)(A^i + 2 + s'l) (5(^)(A^2 + 4) + 5^'HASi + s'^) (5(^)(A^2 + 2 + 4))] , 

where as before AM = M — M and ASj = — Sj. As alluded to above, the only 
difference between the open string spectra for the orbifold and the original theory is the 
sign with which 1712 enters. The reason for this is of course that in the bulk of the orbifold 
theory V[i^rn,s] is paired with V[i-m,s\ instead of V[«,m,s] so that the B-type permutation 
Ishibashi states are from a conjugate sector compared to the original theory. A modular 
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transformation to the open string sector then leads to a sign flip for m^., which is the only 
difference. 

Let us now discuss the B-type boundary states in minimal models and their spectra. 
For the original unorbifolded model, the boundary states are given by 

mS)) = Vk^ Y: ^I^M^\[l,0,s])). (95) 

1+SG2Z V'^I'A^], [0,0,0] 

These boundary states are not of Cardy type, but require an additional projection on 
Ishibashi states that satisfy B-type boundary conditions. 

This is different in the orbifold theory, where indeed the standard Cardy construction 
can be applied to B-type boundary conditions. The Ishibashi states | [/, m, s]))orb are from 
the sectors V[i^m,s] ® V[/,-m,-s] and the boundary states are explicitly given by 

\\mM,S])U= J2 ^^^^^^\[l.m,s])U. (96) 

These boundary states can of course also be obtained from the states (p5|l by the orbifold 
construction. The spectrum of boundary condition changing fields between two such 
orbifold boundary conditions is given by the partition function 

(([L, M, 5] |g5(^o+Lo)-^ II [^/^ M', S'])U 

= Yl {NL'^^^\S' - S + s)6^^''+^\M' - M + m) (97) 

[l,Tn,s] 

+ Nll!5^^\S' -S + S + 2)5(2'=+4)(M' -M + m + k + 2))x[i,m,s]iq) 

Being a special case of an RCFT with diagonal modular invariant, all supersymmetry 
preserving boundary flows between B-type boundary conditions in the orbifold theory 
should be generated by fusion of chirally perturbed B-type topological defects with the 
boundary condition || [0, 0, O]))orb- Indeed, fusion of the defects 1^"^ Si] boundary 
conditions ||[i^2 5 M2, S2])) is given by 

^[IImuS.A] II [^2, M2, S2])U = E ^L.L, \\L. Ml + M2, S^-S, + S2)U ■ (98) 

L 

In particular I^°2'j\/5o]ll[0' 0' O]))orb = || [-^, M, S']))orb- Hence, all boundary conditions can 
be obtained by fusing boundary condition || [0, 0, O]))orb with defects 1^°i°mso]- Moreover, 
the chiral defect changing spectrum between defects 'D°J^ qj and 'D°j^ , which 
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can be obtained from the spectrum 0951) of boundary condition changing operators of 
permutation boundary conditions in the folded model by setting \l'2,m'2, s'2\ = [0,0,0] is 
isomorphic to the spectrum of boundary condition changing operators between boundary 
conditions || [Li, Mi, S'i]))orb and || [iv2, M2, S'2]))orb- 

Thus, in orbifolds of minimal models, we have explicitly seen that perturbations of 
B-type supersymmetric boundary condition can be pulled back into the bulk by chirally 
perturbed topological defects. 

This can be compared to our discussion of boundary flows in Landau- Ginzburg orb- 
ifolds in Section [^^21 Namely, the minimal model Aid-2 is the IR fixed point of a Landau- 
Ginzburg model with superpotential W = x'^, and the same is true for the Z^-orbifolds of 
the respective models. 

Thus, B-type boundary conditions and defects in the (orbifold of the) minimal model 
M.d-2 can nicely be represented by (equivariant) matrix factorizations. For the minimal 
model one obtain^ 

Note that there are more defect matrix factorizations than there are topological defects 
in the CFT. Namely, only those matrix factorizations have an interpretation as topo- 
logical defects in the CFT for which / is a set of consecutive integers (mod d) [221 1 
In the orbifold theory, the relation is 



QL \\[£-lJ-l-2m,.,„ 

j-,{m,m+l,...,m+e} ^ ■ ) 

Note that in the orbifold model p]-.-+i.-.-+0 ^ p{n^',m'+l,...,m'+l} ^ 

Comparing the discussion of B-type boundary flows in the matrix factorization ap- 
proach and the full CFT we find complete agreement. The boundary condition || [0, 0, O]))orb 
out of which all boundary conditions can be generated by means of fusion with topological 
defects corresponds to the matrix factorization Ql, which was used in the same way in the 
matrix factorization approach. Of course, also the defects which are used for this purpose 
coincide, when we restrict to P// with index sets consisting of consecutive (mod d) integers. 
Finally, inspection of the defect changing spectra in the CFT and the matrix factoriza- 
tion approach shows that we have indeed chosen the same defect changing fields to induce 
boundary condition changing fields in the fusion with || [0, 0, O]))orb and Ql respectively. 



®Note that the matrix factorizations only describe B-type boundary states and defects with the same 
spin structure, which we chose by setting aU the S'-labels to zero. 
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5 Braid group actions and defects 



In string theory, actions of braid groups on D-brane categories arise in various contexts. 
For example one finds braid group actions on A-type branes whenever the target space 
manifold contains an Am chain of Lagr 



;ian 


spheres 


r. 




K - J'l 


= 1 






> 1 



(An£,)= ^ '. ^' , (101) 



In particular, such configurations arise when the compactification manifold degenerates 
into a singular space with singularity of type Am- On the level of the homology it is well- 
known that probe cycles undergo a Picard-Lefschetz monodromy transformation when 
encircling a locus where one of the spheres shrinks to zero size. This transformation acts 
as 

Lcix)=x-{[C]\x)[C], (102) 

where the bracket (...) denotes the intersection number between the two cycles. Such 
transformations satisfy the braid group relations on n strands 

Lc.Lc^Lc, = Lc^Lc.Lc^, for|i-j| = l (103) 

LrLr = Lr Lr , forli— ?|>1. 

Picard Lefschetz transformations play a role in the context of BPS solitons (described by 
A-type D-branes ) in Landau- Ginzburg models [32] • Here, the intersection numbers are 
realized as soliton numbers, and the Picard Lefschetz monodromy captures their changes 
under deformations of the superpotential. 

A natural question is whether this braid group action extends to the level of the 
full topological D-brane category rather than just the charges. This question has been 
answered in the work of Seidel |36j, who constructed braid group actions on categories 
of A-branes, which is mathematically described by the Fukaya category. Via mirror 
symmetry, this action should carry over to an action on the mirror B-brane category. 
Indeed, this was constructed by Seidel and Thomas in [18]. The authors introduce the 
notion of spherical objects E in the derived category of coherent sheaves on the target 
space manifold X which satisfy the condition 

Exf(£,£)={^ , (104) 

where n is the complex dimension of X. To any such object they associate a Fourier-Mukai 
transformation which describes an autoequivalence of the derived category of coherent 
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sheaves on X. The kernel of the Fourier-Mukai transformation 




Cone(r : Q, 



iV 




(105) 



is determined by the large volume complex Q associated to the B-brane Q [SZl IT5] . 
Here denotes the dual of Q. Moreover, Oax is the structure sheaf of the diagonal 
AX C X X X, and the map r is the restriction map to AX. If for instance Q = Ox, 
then the map r restricts Oxxx = Ox Kl Ox to Oax- Transformations of this type in for 
example describe the effect on B-branes of monodromies around conifold points in Kahler 
moduli spaces. These are points where B-branes Q become massless. The action on the 
B-brane charges is encoded in the periods near the conifold point and can be represented 
by equation (11021) . 

Braid group actions can be obtained provided that there is an Am-chain {Ei, . . . , Em) 
of spherical objects. Mimicking condition (llOip on the A-side, this means 



In a different but related context, the braid group has appeared in the context of 
4-dimensional gauge theories with surface operators [321 132] • 

If the non-linear sigma model with target space X has a Landau- Ginzburg phase, the 
derived category of coherent sheaves on X is equivalent to the category of B-branes in the 
corresponding Landau- Ginzburg orbifold, i.e. the associated category of equivariant ma- 
trix factorization^. In these cases representations of braid groups in the autoequivalences 
of the derived category of coherent sheaves on X carry over to the respective category of 
matrix factorizations. 

In the following we will present a world sheet realization of these braid group repre- 
sentations. Namely, we will construct defects which satisfy braid relations on the level of 
their fusion. Since they can be fused with boundary conditions they give rise to functors 
(in this case autoequivalences) on the respective D-brane categories. One should point 
out however, that defects have a richer structure than the associated functors on D-brane 
categories. First of all they are objects in the full conformal field theory, not just in the 
topologically twisted theories. Moreover, defects can form junctions etc. 

The construction we use is rather general and should apply to any N = (2, 2)- 
super symmetric theory. It is certainly not limited to theories which have a non-linear 
sigma model phase. However, we will restrict our considerations to Landau-Ginzburg 
models, in which everything can be spelled out relatively explicitly. 

^The equivalence can be realized for instance in terms of gauged linear sigma models [40) . 




(106) 
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5.1 The defects 



The defects that are relevant for us are conifold type defects considered in [T^. Following 
terminology from the work of Seidel and Thomas [18j we will call them twist defects. 
Such defects exist in any theory, and in case the theory has = (2, 2) supersymmetry 
one can lift them to the respective B-twisted model. Namely, in any theory we have the 
trivial identity defect and totally reflective defects. The identity defect Id is a topological 
defect and maps via fusion any boundary condition back to itself. On the other hand, a 
totally reflective defect is a defect that provides boundary conditions for each of the two 
adjacent theories. In a theory with = (2, 2) supersymmetry we can choose the boundary 
conditions to be of B-type, the defect then preserves B-type supersymmetry and can be 
fused on the level of the B-twisted theory. Choosing for example the boundary condition 
P on the one side of the defect and its world sheet parity dual P* on the other side, we 
obtain the defect Tp^p* = P ® P* ■ Fusing it with a boundary condition Q one obtains a 
copy of P for every boundary condition changing field between P and Q 

Tp,p,*Q = n*{P,Q)0Q. (107) 

Consider now a defect that is a superposition of the identity defect Id and the totally 
reflective defect Tpp* {!}, i.e. Tpp* shifted by one. There is a universal defect changing 
field between Tp_p*{l} and Id, which can be used to perturb this configuration. To see 
this, note that there is always a bosonic defect changing field between Tp and Id which 
has its origin in the fact that there is an identity field on the boundary condition P. 
Accordingly, there is a canonical fermion between Tp^p* {1} and Id. 

This construction mimics the form of the Fourier- Mukai kernel fllOSp . Here, O^x and 
Q Kl Q"^ correspond to the identity and the purely reflective defects respectively. 

Physically, fusion of boundary conditions with this defect mimics how D-branes behave 
when one moves along a closed path in Kahler moduli space which encloses a locus Ap 
on which a D-brane P becomes massless. Since copies of P and its anti-brane can be 
produced at no cost in energy, a probe D-brane Q which is carried around Ap forms 
bound states with P provided there is a suitable tachyon. As we will see explicitly in 
the next sections this is exactly how fusion with the bound state of Tpp. and Id acts on 
boundary conditions. The Id defect preserves a copy of Q, whereas the totally reflective 
defect creates as many copies of P as there are tachyons between P and Q. Finally the 
universal defect changing field between Tp^p* and Id induces a bound state formation 
between all the copies of P and the copy of Q. 
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5.2 Realization in terms of matrix factorizations 
5.2.1 Twist defects 

The matrix factorizations corresponding to the identity and the totally reflective defects 
in Landau-Ginzburg models have been explicitly described in Section [21 

Since the reflective defect is really a product of two boundary conditions the space of 
defect changing flelds between the totally reflective defect Tpp. and the identity defect 
Id is isomorphic to the space of boundary conditions changing flelds between the two 
boundary conditions 

n{Tp^p,,id) = n{p ® p*, Id) = n{p, p) . (los) 

In particular, via this isomorphism the identity fleld idp on P gives rise to a canonical 
defect changing fleld ipp 

H\Tp,P*,ld) 3^p^ idp G n^{P, P) , (109) 

which can be used to perturb the superposition of the (shifted) tensor product and the 
identity defect. The outcome 

Dp = Conei^p : Tp,p. ^ Id) (110) 

of this perturbation obeys some nice universal relations. Indeed, the Dp are the twist 
defects alluded to above. To see this, let us flrst describe how these defects act on matrix 
factorizations 

Dp*Q ^ Dp(g)Q ^ Coneiipp (g) idg : Tpp. ® Q ^ Id ® Q). (Ill) 

As discussed in Section |2l Tpp. ^ Q = P ^ 'H{P, Q) and Id® Q = Q. Indeed, via these 
isomorphisms, the morphism ipp^idq is mapped to the evaluation map ev : P®T-C{P, Q) — »• 
Q. This can be seen as follows. By deflnition, the morphism ipp is mapped to tpp ^-^ idp 
under the isomorphism H(Tp^p*, Id) = H{P, P). Indeed, it also maps to ipp ^ idp* under 
the isomorphism ?i(Tp^p*, Id) = TC{P*,P*), and hence ipp ® idg idp* ® idg under 
H{Tp^P* ® Q, Id ® Q) = n{P* ®Q,P*0Q). Here P* Q are matrix factorizations of 
and therefore ordinary complexes. But now n{P* ^Q,P* ^Q) ^ n{P ® P* ®Q,Q) ^ 
H{P<gTC{P, Q), Q), and idp* ^idg ev under this isomorphism, because idy. is mapped 
to the evaluation map under the canonical isomorphism Hom(^*, V*) —>■ {V ^ V*)*. 
Thus, we obtain 

Dp*Q^Cone{eY:P®H{P,Q)^Q). (112) 
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A similar form can be found for the fusion with the dual of a twist defect which is 
represented by the dual matrix factorization Dp. Namely 

D*p*Q^{Q** Dp)* = (Cone(idQ. ^^p:Q*(g) Tp^p* ^ Q* ® Id))* . (113) 

With arguments similar to the ones above one arrives at 

D*p*Q ^ (Cone(ev: 7^(g,P)®P*^Q*))* 

^ Cone(ev* : (7^(Q,P))*®P). (114) 

The action (11121) of the defects Dp on matrix factorizations is realized by twist functors as 
introduced in [LSI- There Seidel and Thomas show that under certain assumptions such 
twist functors generate representations of braid groups in the groups of autoequivalences of 
certain derived categories. In the next subsections, we follow their arguments to establish 
that under similar conditions, twist defects satisfy braid relations with respect to fusion. 



5.2.2 Twist defects for spherical matrix factorizations 

A matrix factorization P is called n-spherical if 

«V-^' = {o; Itherwise '"5' 

and for every matrix factorization Q, the operator product 

n\p, Q) ® n"'\Q, p) ^ 7i:"(p, p) (iie) 

is non-degenerate. Note that we have extended the grading of Ti* from Z2 to Z by means of 
the P-charge, and n is chosen such that —n is the P-charge anomaly of the disk amplitudes 
in the models under consideratior0. Condition (I116P is nothing but the non-degeneracy 
of the boundary two-point function, which holds for unitary theories. We restrict our 
considerations to such theories and will assume condition flll6p in the following. 

One nice property of spherical matrix factorizations P is that the associated twist 
defects Dp are indeed group-like i.e. 

Dp* D*p = id = D*p* Dp. (117) 

^°For models with a realization in terms of non-linear sigma models, n is the complex dimension of the 
target space. 
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In particular, they act on matrix factorization categories as equivalences. To see this, we 
calculate the fusion Dp * {Dp * Q) for P a spherical and Q any matrix factorization. Using 
equations flll4p and flll2p one arrives at 



Dp * {D*p *Q) = Cone 



V 



p ® n{p, Q) 



n{p,p)®{n{Q,p)Y ®p 



ev 



ev 



Q 



{n{Q,p)y®p 



\ 



J 



(118) 



where the induced map / acts as a dualization 7i(P, Q) — >■ ?i(-P, P) ® (Ti-i^Q, P))* of the 
operator product Ti.{P, Q)<S)'H{Q, P) — > 7i(-P, P). Now, since by assumption P is spherical, 
the non- degeneracy flll6p of the operator product H'^~'^{P,Q) ® W{Q,P) W{P,P) 
implies that we have an isomorphism 

p ® n{p, Q) ^ T-r{p, p) ® (7^(Q, p)y ® p (119) 

in the upper row of flllSp . Furthermore, in the right column, we have an isomorphism 

7f{p, p) ® (n{Q, p)y ® p ^ (HiQ, p)y ® p . (120) 

These isomorphisms can be used to reduce the matrix factorization (IllSp to Q. Therefore, 

Dp*iD*p*Q) = Q. (121) 

In a similar way one obtains Dp * {Dp * Q) = Q. 

The fact that Dp is group-like for spherical P can be used to show the following 
relation between twist defects associated to spherical matrix factorizations Pi, P2: 



Dp, * Dp, = Dn^^P, * Dp, . 
For this, we again fuse the equation with a matrix factorization Q 

/ P2®7^(Pl,g)®7^(P2,Pl) ^ P2®^(P2,Q)\ 



:i22) 



Dp, * (Dp, *Q) = Cone 



ev 



V 



P^®n{P^,Q) 



ev 



Q 



Cone(H(Pi, Q) ® Dp,P^ ^ Dp,Q) . 



(123) 
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Since Dp.^ is group-like H{Pi,Q) = H^Dp^Pi, Dp^Q) and the map g factors through the 
evaluation map 

H(Pi, Q) ® Dp,P^ ^ niDp^P^, Dp,Q) Dp,Pi ^ Dp,Q . (124) 

Thus, 

Dp, * {Dp, * Q) ^ Cone{n{Dp,Pi, Dp,Q) ® Dp.P^ ^ Dp,Q) 

^ Do,^P,*{Dp,*Q). (125) 

5.2.3 Defect realization of braid groups 

Relation (I122p can be used to construct defect realizations of braid groups in the following 
way. An Am-sequence of spherical matrix factorizations is a collection (Pi, . . . , Pm) 
of spherical matrix factorizations Pi such that 



dimH(P„P,)= ' '. . (126) 



Given such a collection, with the preparations of the last sections, it is easy to see that 
the associated twist defects Dp. satisfy braid relations (11031) . Namely for |^ — j| > 1 
T-C{Pi,Pj) = 0, so that from (I112p one reads off that Dp.Pj = Pj. Therefore, relation 
f lT^ implies 

Dp^ * Dp^ = Dp^ * Dp^ for |i - j| > 1 . (127) 
Moreover, using dim7Y(Pj+i, Pj) = 1 one obtains 

Dp,^,*P^ = Cone(P,+i[-r,] ^Pj) (128) 
D*p^*P,+, = Cone(P,+i^P4r,]) (129) 

for some shifts r^. But since dim7^(Pj+i, Pj) = 1, /j and Qi are multiples of each other. 
In particular, 

Dp,*P^[ri]=D*p^*P2. (130) 
Now we can conclude the other braid relations: 

Dp^*Dp^^,*Dp^ = Dp^*Dnp^^^,p^*Dp^^, 

- Dp^ * Dd'p *p,+, * Dp 

= Ddp^*d'p^*p,+^ * Dp^ * Dp^^, 

- Dp^^,*Dp^*Dp^^,,. (131) 
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Here, the first equation is obtained by means of (11221) . In tlie second equation use was 
made of (11301) and the fact that shifts do not change twist defects. The third equation is 
again obtained by means of relation (I122p . where one has to note that because twist de- 
fects of spherical matrix factorizations are group-like, their fusion products with spherical 
matrix factorizations are still spherical. Finally, in the last equation one again employs 

(mzD- 

Summarizing, we have established the following. Given a boundary conditions P, 
the superpositions of the shifted purely reflective defects Tp^p* and the trivial defect Id 
exhibit a universal defect changing field. The corresponding perturbations lead to twist 
defects Dp, which have some universal properties. For spherical boundary conditions P 
the associated twist defects Dp are group-like, and with respect to fusion, satisfy the 
commutation relation (I122p . Moreover, A^-sequences of boundary conditions give rise 
to a collection of twist defects, which satisfy braid relations. We have discussed this 
explicitly in the context of B-type defects in Landau- Ginzburg models, but we expect 
that the constructions should apply to general N = (2, 2)-supersymmetric theories. 

5.3 Examples 

In this section we will present some examples of Landau-Ginzburg models, which exhibit 
y4m-sequences of B-type boundary conditions. By means of the construction above they 
give rise to B-type defects satisfying braid relations. 

5.3.1 Degenerate K3 and fibrations 

Geometrically, the appearance of A^-chains of homology cycles has played a prominent 
role in the discussion of heterotic-IIA duality [HI In particular, local singularities 
of K3-surfaces are responsible for the non-abelian gauge symmetry enhancement of the 
IIA string compactified on K3. Via het-IIA duality this is dual to the non-Abelian gauge 
symmetries appearing at special points in the moduli space of the toroidally compactified 
weakly coupled heterotic string. Here, we are particularly interested in the case that 
the enhanced symmetry is A^, meaning that the K3 should locally exhibit an orbifold 
singularity C^/Z^+i- Standard examples arise as suitable hypersurfaces in weighted pro- 
jective spaces. Consider for example a degree 12 hypersurface in P(i^3^4^4)[12]. Projective 
equivalence acts on the affine coordinates as 

(Xi, X2, Xs, X4) ^^ (Axi, A^X2, A^X3, X'^X4) (132) 

For = 1 this transformation leaves 0:3 and X4 invariant, leading to a local C^/Z4- 
singularity in xi = = X2- This singularity is resolved by three spheres intersecting in 
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an A3 pattern. The hypersurface intersects the singular fixed point set in three points. 
Hence, there are three Aa-chains on this K3 surface. Note also that this means that 
the Picard lattices of K3's embedded in this weighted projective space generically have 
rank 10 (1 canonical holomorphic (1, 1) coming from the hyperplane bundle plus 3x3 
spheres coming from the resolution of the singularities) so that the embedding requires a 
restriction to a particular part of the K3 moduli space. 

This model has a Landau- Ginzburg orbifold phase with superpotential 

W = xl^ +xt + xl-xl (133) 

and orbifold group F = Z12. Therefore, one can realize the B-branes supported on the 
exceptional divisors by Zi2-equivariant matrix factorizations of W. They have been ob- 
tained in [13]. All the building blocks have already appeared in Sections |4. II and W7I[ The 
relevant matrix factorizations are 

= Ql{x,)^Qlix2)^P^''\x3,x^)o. (134) 

This is a tensor product of three linear matrix factorizations: the ordinary one-variable 
factorizations in the first two factors, and a permutation matrix factorization P^"'^ in 
the last two factors. Here, m specifies the Zi2-representation of the matrix factorization, 
and n e Z3 denotes which of the three As-sequences E^^ belongs to. To motivate that 
these are good candidates for the matrix factorizations realizing the As-sequences of B- 
type boundary conditions, one can use a simplified version of the arguments in [HI HQ] . 
The latter suggests that the B-type boundary conditions associated to E^^ are localized 
at the zero locus of the factorization 



xi = X2 = X3 - rjnXi = , (135) 

which is the Z4-singularity. This is blown up by the exceptional divisors, and it is known 
e.g. from orbifold theories, that the fractional branes of the corresponding Z4 represent 
B-branes wrapping the exceptional divisors at large volume. 

Of coures, one can just check that the E^^ are spherical and form ^3- sequences. The 
Witten-index between the matrix factorizations E^^ and E"^ is easily calculated to be 

Im,n = {{1 - 9-'){l - 9')il + 9')) ,,,, (136) 
= {2-9-'-9-' + 9-' + 9'-9'-9)m,n^ 

where 

9m,N = ^M-Ar,l (137) 
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is the Zi2-shift matrix. Since these matrix factorizations are tensor products of matrix 
factorizations which do not have bosons and fermions at the same degree, and since 
furthermore no cancellation occurred in the expansion of (11361) one can indeed even read off 
the dimensions of the corresponding open string Hilbert spaces T-[*{E^j, E^). One obtains 
that the E^^ are spherical and that {Eq, E^, Eq) constitute Aa-sequences of spherical 
objects. 

Let us turn to models with three dimensional target spaces. Examples that gained 
particular importance in the context of string dualities are K3 fibrations. Here, one 
expects an enhanced gauge symmetry at points in moduli space where the fiber exhibits an 
ADE degeneration. For instance, a hypersurface in weighted projective space Pi, 1,6,8,8 [24] 
is a K3-fibration over P-^ with fiber a hypersurface in P(i,3,4,4)[12]. To see this, we intersect 
the hypersurface with a linear equation in the coordinates Xo,Xi of weight 1. A special 
case is xo = for which the hypersurface equation reduces to 

+ xt + xl-xl = (138) 

from which we recover the K3 hypersurface equation (11331) by substituting 1/2 = x\ which 
is single valued because of quasi-projective equivalence. In complete analogy to the above 
discussion, the fibers degenerate at the points (11351) . Hence, one expects an vds-intersection 
pattern for the matrix factorizations 

El = Q^(xo) ® gj(xi) ® Ql{x2) ® Pt\x^, 2:4) . (139) 
Indeed, the intersection matrix between the E^ is given by 

/ = (1 - ^-1)2(1 -^-6)(l+/) (140) 

= -2g-^ + g-^ - g-' + 2g-' - g-'' + / - 2g' + g^ - g^ + 2g , 

where now g denotes the Z24-shift matrix. Again, no cancellation occured in the expansion 
of (11401) . and one can read off that the matrix factorizations E^ are spherical, and that 
{Eq, Eq, E12) constitute Aa-sequences. Many more examples can be constructed in a 
similar manner, making use of the divisibility patterns of the weights. 

74„-sequences can also be obtained in these examples using tensor products of the one 
variable matrix factorizations only. These factorizations have the advantage that they 
are universally available in any theory with an i?-charge, since any quasi- homogeneous 
superpotential can be factorized as W = Geometrically they come from the 

embedding quasi-projective space. 

Moreover, one easily sees that tensor products of linear matrix factorizations are 
always spherical: The spectrum for the ith factor of the tensor product consists of the 
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identity and one fermion (see e.g. Section HTT]) . The part of the spectrum of the tensor 
product factorizations which survives the orbifold projection consists of the identity and 
the product of the fermionic fields in each factor. Hence condition (11151) is always satisfied. 
This means in particular that the corresponding twist defects are always group-like and 
the induced functors on the B-brane categories are autoequivalences. Geometrically, these 
universal autoequivalences correspond to the monodromy in Kahler moduli space around 
the locus where the highest dimensional D-brane becomes massless. 

Making additional assumptions on the divisibility of the weights, one can construct 
further examples which exhibit y4„-sequences of spherical tensor product boundary con- 
ditions. 

5.3.2 A non-geometric Landau-Ginzburg example 

A very simple class of Landau-Ginzburg models exhibiting A^-sequences of spherical 
B-type boundary conditions are the LG-orbifolds with two chiral superfields Xi, X2, su- 
perpotential 

W = x'i + x'^^ (141) 
and orbifold group V = Ijd whose generator acts on the Xi by 

G : (xi, X2) ^— > (t^Xi, u;~"'^X2), uj = e~ (142) 

The intersection matrix for the linear tensor product factorizations Fm = Qm ® Qo ^^^^ 
model is given by 

I=il-g-')il-g) = 2-g-'-g, (143) 

where g denotes the Z^^-shift matrix. As in the previous examples, also here one can read 
off the dimensions of the BRST-cohomologies from I. Any collection of c? — 1 of the 
forms an A(^_i-sequence of spherical matrix factorizations. 

This model is non geometric in the sense that it has (generically) non-integer central 
charge and thus no direct geometrical interpretation. Note however its close relationship 
to the corresponding noncompact models C^/Z^ which can be obtained by setting the 
superpotential to zero. 

5.3.3 Hirzebruch-Jung examples 

The examples discussed in the last section can be generalized to the Landau-Ginzburg 
models 

{W = xi + xi)/Zdik). (144) 
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As before, one considers Z^i-orbifolds of the Landau-Ginzburg models with two chiral 
superfiels Xi, X2 and superpotential W = xf + x\^ where now the orbifold generators act 
as 

G : {xx^x-i) H-H> {ujX\^u)^X2)^ ijj = e~ . (145) 

Here, d and k are assumed to be coprime, and the previous examples are obtained by 
setting k = d — 1. 

The corresponding non-compact models have appeared in the context of non-super- 
symmetric orbifolds C^/Za^k) SHI 113 SI]- The orbifold singularity can be resolved 
using the Hirzebruch-Jung resolution, which replaces the singular point by a chain of Pi's 
whose intersection pattern is determined by the continuous fraction expansion 

J = ai ^-^ = [ai, . . . ,a/]. (146) 

ru Qj2 — 



(13- 



The Qi are the self-intersection numbers of the / exceptional Pi's blown up in the res- 
olution. The intersection number between subsequent spheres is 1. Hence, for those 
((i, k) such that the continuous fraction expansion of | contains a string = ttg+i = 
. . . = cts+r-i = 2 the corresponding orbifold model contains an A^-sequence of spherical 
B-branes wrapping the associated exceptional Pi's. 

Because of the close relationship between non-compact orbifold and Landau-Ginzburg 
models such A^-chains must also be present in the LG models (I144p . As an example, let 
us consider the case that the string of 2's is located at the beginning of the continuous 
fraction expansion of |, followed by one further integer b > 2: 

As candidates for the A^-sequence of spherical matrix factorizations we again choose 
tensor products 

^^ = ^^^^0. A = d-fc. (148) 
Quite generally, if the continued fraction expansion of | starts with a 2, we can conclude 
that A < |. In the specific case f ll47p A = b — 1. The intersection matrix of the Gm is 
given by 



A-l \ 

J2 sgnU)g' (1 - g-') 

j=-A J 



A-l 2A-1 ~1 

j=0 j=A j=-A 
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where g is the (i-dimensional shift matrix. Note that no cancellation occurs in the ex- 
pansion fll49p . Since the Gm are tensor products of matrix factorizations which do not 
have bosons and fermions at the same degree, one can therefore read off the dimensions 
of the BRST cohomology groups directly from /. One finds that the Gm are spherical 
and that dimTC*{GaA, GbA) = 1 for |a — 6| = 1. Indeed, the GaA with a G {0, . . . , r — 1} 
constitute an A^-sequence of spherical matrix factorizations. Namely, since (r — 1) A < d, 
no summand g'^^ with r > \n\ >2 appears in fll49p . and hence dimTi.*{GaA, GbA) = for 
all a, 6 e {0, . . . , r - 1} with |a - 6| > 1. 

In exactly the same way one obtains A^-sequences of spherical matrix factorizations 
for models in which the single integer b in the continuous fraction expansion fll47p is 
replaced by an arbitrary string 

^= [2,. ..,2,6,+!,. ..,6;] . (150) 
The discussion of the general case 

^ = [ai, . . . , Oj, 2, . . . , 2, br+i+i, ...,&/] (151) 
is slightly more involved and can be found in [49] . 
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